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An intersection of Yang-Mills theory with the gauge description of general relativity is considered. 
This intersection has its origin in a generalized algebra, where the generators of the 50(3, 1) group 
as gauge group of general relativity and the generators of a SU (N) group as gauge group of Yang- 
Mills theory are not separated anymore but are related by fulfilling nontrivial commutation relations 
with each other. Because of the Coleman Mandula theorem this algebra cannot be postulated as 
Lie algebra. As consequence, extended gauge transformations as well as an extended expression 
for the field strength tensor is obtained, which contains a term consisting of products of the Yang 
£SJ , Mills connection and the connection of general relativity. Accordingly a new gauge invariant action 

incorporating the additional term of the generalized field strength tensor is built, which depends of 
course on the corresponding tensor determining the additional intersection commutation relations. 
CNj , This means that the theory describes a decisively modified interaction structure between the Yang- 

^0 Mills gauge field and the gravitational field leading to a violation of the equivalence principle. 

< 

in 

I. INTRODUCTION 

One of the most important questions concerning the unification of all known interactions existing in nature is 
the relation between internal symmetries referring to quantum numbers and external symmetries referring to the 
structure of space-time. The reason is that these two classes of symmetries are not only a decisive criterion for 
the formulation of fundamental theories, but as local symmetries they even determine the structure of the several 
l— ~~ '■ interactions appearing in nature, which are described as local gauge field theories with respect to these symmetries. 
\ The interaction theories of the standard model of particle physics are based on the internal symmetries and are 
formulated as special Yang-Mills theories [l[ . In case of the electroweak theory [2| local invariance with respect to the 
| weak isospin is considered, whereas in quantum chromodynamics local invariance with respect to the colour space of 
the quarks is considered. General relativity can be formulated as gauge theory with respect to the Poincare group, 
0^ ' which means that in the gauge description of g ravity is considered invariance under local Lorentz transformations or 
local translations 0>0>@;H>0)@)@![I3'[li|'E2j- There also exist generalizations of the gauge theoretic setting of 
gravity, for example the theories considered in [l3| , [3 , [H| , [III , 18|)[H1- This relation between the local space- 



time symmetries and the dynamics of general relativity means nothing else, but that the question of incorporation 
■ of gravity into a unified theory containing all interactions is directly connected to the problem of the distinguishing 
' # J | between internal and external symmetries. 

^ ■ Usually the two classes of symmetries as they appear in contemporary theoretical physics are assumed to be 
independent of each other, although one should expect that in a unified theory of nature containing the interactions of 
the standard model as well as gravity there has to exist some kind of relation between them, which perhaps corresponds 
to the relation between gravity and the other fundamental interactions. But according to the famous theorem of 
Coleman and Mandula there cannot exist a Lie algebra containing nontrivial commutation relations between the 
generators of internal and external symmetries (20| . Supersymmetry in a certain sense combines internal and external 
symmetries [H|,[13|- This is possible, because it circumvents this theorem, since its algebraic structure violates the 
definition of a Lie algebra, what arises from the property that the generators of supersymmetry fulfil anticommutation 
relations rather than commutation relations. Accordingly the preconditions for the Coleman Mandula theorem are 
not valid with respect to supersymmetry. The ADS/CFT correspondence as duality between a supersymmetric Yang- 
Mills theory and a higher dimensional gravity theory is at least a direct connection between a certain theory of 
gravity and a special Yang-Mills theory [23| • Other attempts to relate the two classes of symmetries, also with respect 
to corresponding gauge theories, are considered in[I3,[2|,[2l],[23,[^ 



for example and gauge theories relating general relativity especially to the spin degree of freedom are formulated in 
However, there exists another possibility to establish a relation between internal and external symmetries. This 
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possibility lies in the assumption of commutation relations between the generators of an internal SU(N) group belong- 
ing to a certain Yang-Mills theory and the generators of an external symmetry group like the Lorentz group, which 
are unequal to a linear combination of all these generators, thus represent no Lie algebra anymore and accordingly 
violate the preconditions of the Coleman Mandula theorem like supersymmetry. In this paper are assumed generalized 
generators of an arbitrary SU(N) group and of the 50(3, 1) group, which fulfil commutation relations with each other 
being equal to a tensor in the product space of the space of the usual SU (N) generators and the space of the usual 
50(3, 1) generators, SU (N) ® 5*0(3, 1). Thus the tensor is an element of the enveloping algebra containing the usual 
generators of both gauge groups. The Lie algebras of the 50(3, 1) group as well as the SU(N) group by themselves 
are however assumed to remain completely unchanged and thus the generalized algebra contains these algebras as 
substructure. But the additional commutation relation relating these two gauge groups violates the structure of a Lie 
algebra. This means that new quantities appear defining the structure of the new algebra and thus represent another 
kind of structure constants. The assumed intersection of the two symmetry groups could be something like a first 
step towards a combination of these symmetries and perhaps it could be considered as a kind of approximation to a 
description, where all interactions are embedded into a more general symmetry. 

In accordance with this, the aim of this paper is the formulation of the corresponding intersection of Yang-Mills 
gauge theory with the 50(3, 1) gauge description of general relativity. Therefore local gauge invariance of a matter 
action with respect to the gauge group induced by the generalized algebra has to be considered. The resulting action 
for the matter field does not differ from the usual one, which means that it couples in the same way to the gravitational 
field and the Yang-Mills field as in the usual case, although generalized gauge transformations of the gauge fields have 
to be defined, since the transformations with respect to both gauge groups influence the Yang-Mills connection as 
well as the connection of general relativity. But because of the noncommutativity between the SU(N) generators of 
the Yang-Mills theory and the 50(3, 1) generators one obtains a new sector in the field strength tensor containing the 
Yang-Mills connection as well as the connection referring to general relativity. The corresponding interaction term 
within the action is assumed to be quadratic in the intersection field strength to maintain gauge invariance under the 
extended symmetry group containing the intersection. The Einstein-Hilbcrt action as well as the usual Yang-Mills 
action still remain gauge invariant under the extended gauge group. Within the generalized action appear additional 
interaction terms between the Yang-Mills field and the gravitational field, which lead to a violation of the equivalence 
principle. The resulting theory of gravity applied to a special manifestation of Yang-Mills theory within the standard 
model could yield an explanation to some phenomena in cosmology and astrophysics. 

The paper is structured as follows: At the beginning the generalized algebra incorporating the additional commu- 
tation relations containing generalized generators of the SU(N) group of a Yang-Mills theory as well as the 50(3, 1) 
group is formulated. Then the corresponding gauge theory to the generalized algebra implying generalized gauge 
transformations is considered. Building of the corresponding generalized field strength tensor obtained from the co- 
variant derivative, which is based on connections being defined by using these new generators, leads to an intersection 
field strength term. This intersection field strength combines the Yang-Mills connection and the connection of general 
relativity and depends on the noncommutativity tensor defining the intersection. After this, a gauge invariant action 
incorporating the additional term of the field strength tensor arising from the intersection of the gauge groups is built. 
Finally, the corresponding generalized energy momentum tensor leading to a generalized Einstein field equation for 
the gravitational field and the generalized field equation for the Yang-Mills field are derived. 



II. INTERSECTION OF LORENTZ GROUP WITH INTERNAL SYMMETRY GROUP 

According to the theorem of Coleman and Mandula it is not possible to construct a Lie algebra with nontrivial 
commutation relations between the generators of an internal and an external symmetry group. Because of this reason 
any combination of internal and external symmetries has to be expressed by an algebra, which is not a Lie algebra. 
Therefore are considered commutation relations between modified generators of the SU(N) group and the 50(3, 1) 
group in this paper, which are equal to a tensor in the product space of the corresponding usual generators and 
thus this tensor represents itself a linear combination of generators of the SU(N) ® 50(3, 1) group. This means 
that as fundamental assumption is postulated the following generalized algebra incorporating nontrivial commutation 
relations of the generators of an arbitrary SU(N) group as gauge group of Yang-Mills theory, denoted with T A , and 
the generators of the 50(3, 1) group as gauge group of general relativity, denoted with S a ;,: 



[T A ,T B ] = i.f ABC T c , 

[E a 6,S cd ] = irjac^bd - illbc^ad - iflad^bc + illbd^ac, 

[T A ^ ab ] = l k A h = l T A h Bcd T B a cd . (1) 



3 



In this paper internal indices are denoted by capital latin letters, Lorentz indices are denoted by small latin letters and 
space-time indices are denoted by small greek letters. The f ABC describe the structure constants of the SU (JV) group 
and r] a t denotes the Minkowski metric. Besides there has been introduced the noncommutativity parameter AA as a 
linear combination of the generators of SU(N) <8> SO(3, 1) defined by the coefficients T ABcd . The quantities r and 
a a b are the usual generators of the SU (N) and the SO(3, 1) group respectively and thus fulfil the usual commutation 
relations without intersection, 



[rV B ] = *f ABC T C , 

Wab,^cd] = irjacVbd ~ irjbcVad - iVadVbc + iVbdVac, 

[T A ,a ab ] = 0. (2) 

The generalized generators T A and £ Q b obeying the generalized algebra (fTJ) can be represented as linear combination 
of the usual generators t a and a a b defined in $Z§, 



T A = x AB r B , S a6 = M ab cd a cd , (3) 

where the coefficients \ AB belonging to the usual generators of the SU(N) group as well as the coefficients M ab cd 
belonging to the usual generators of the SO(3, 1) group are not usual numbers, but fulfil nontrivial commutation 
relations with each other, 



[x AB ,M ab cd ] =*r AB < d , [ X AB ,X CD ]=0, [M ab cd ,M g *f]=0. (4) 

Since the components of \ AB as we U as the ones of M ab cd are numbers but fulfil nontrivial commutation relations any- 
how, they are quantities similar to grassmann numbers. The algebra of course implies the canonical commutation 
relations between the generalized generators defined in (JTJ) , 

[T A , E afc ] = [ X AB r B , M ab cd a cd ] = [ X AB , M ab cd ] r B a cd = i T ABcd r B a cd = iA A . (5) 

Since the generalized generators £ a fc as well as the usual generators <7 a b are antisymmetric with respect to the indices, 
the tensor M ab cd belonging to the generators of the SO(3, 1) group is also antisymmetric with respect to the first pair 
and the second pair of indices: 

M ab cd = -M ba cd = ~M ab dc = M ba dc . (6) 
The tensors x AB an< i M ab d are further assumed to obey the following relations: 



X AB = (X-Y . M ab ° d =(M-Y ab , (7) 

which lead to certain trace properties for the new generators defined by the generalized algebra (pQ), which means 
that the generalized SU(N) generators fulfil the same and the 5*0(3, 1) fulfil similar trace properties as the usual 
generators @ as will be shown below. That the generators T, ab with each other still fulfil the commutation relations 
of the SO(3, 1) group and the generators T A with each other still fulfil the commutation relations of the SU(N) group 
implies that the following relations for the coefficients have to be valid, too: 

fIJKK AI BJ CK fABC „ _ A/ rafc A, T cd n , r fh _ fo\ 

J t = x X X J T , Vik<Jji = M ijM u M bd rj ac (jf h . (8) 
By using (HJ) , @ , ([21) , Q and 0, the conditions ([5} on the coefficients can be derived as follows: 



[T A ,T B ]=2f ABC T c o [x AD r D ,x BE r E ] =if ABC x CG r G O X A °X BE [t° , r E ] = i X CG f ABC r G 

* ix AD x BE f DEH T H =ix CG f ABC T G ^ ■ ™ ^ JB ^D^EjDEH^ = . ^-1) IA ^ JB ^GfAB^G 

i6 ID S JE f DEH T H = i{ X - 1 ) IA {x- 1 Y E \ CG f ABC T G & if IJK r K = i X AI X BJ X CK f ABC r K , (9) 
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and the second relation can be derived analogously: 



[Safe, Scd] = irjac^bd - iVbc^ad ~ irjad^bc + iVbd^a 



M ab ef <r ef ,Mj n * gh 



gh , 



ir] ac M bd fh af h - irj bc M ad eh a eh - ir] ad M bc f9 a fg + ii] bd M ac e9 a eg 



M ab fM J h Wef , <Jgh] = ^acM^OfH - l Vbc M ad eh <J eh - ,, h „;M,„ + i^dMJ 9 <T eg 

& M ab ef Mj h {ir] eg a fh - ir) fg a eh - ir] eh a fg + ir] fh a eg ) 

= ir] ac M bd fh a f h - irj bc M ad eh a eh - if]adM b J 9 a jg + ir\ bd M a ^ 9 a eg 

iM ab ef M cd 9kr )egCrfh = ir] ac M M fh (J f h 

* i (M-% ab (M-i) kl cd M ab ^Mj h Veg a fh = i (M-% ab (M"')/ V M 6 /V /h 

# i6l5f6ffi Veg a fh = i (M- 1 )./ 6 (M-i) kl cd Vac Mj h a fh 
«. i W = i (M- 1 )./ 6 (M- 1 ) kl cd Vac M b / h a fh 

«. = iM^M^Mj^afh. 



(10) 



In the next sections will be developed the corresponding gauge theory to the gauge group based on the algebra 
considered in this section (JXJ) . To maintain gauge invariance of the corresponding action, which will be built, it 
is important to calculate the trace of the product of two of the generalized generators, tr [T A T S ] and tr [E a hE C£ z] 
respectively, from the trace of the product of two of the usual generators, which is given by 



tr [r A r B ] = ±8 



AB 



tr [<J ab a cd ] = r] ac r) bd - rj ad r] bc . 
By using (0 and (fTTj) this can be done for the generalized generators of the SU(N) group as follows : 



(11) 



tr [T A T B ] = tr [ X AC r C X BD r D ] = X AC X BD tr [r c r D ] = \ X AC X BD 6 CD = \ X AC X BC = \ X AC { X 'f B = \s AB , 

(12) 

and for the trace of the generalized generators of the SO (3, 1) group it can be done analogously: 



tr[£ QD E cd ] = tr \M ab ef a ef M cd kl a kl ] = Mj f Mjhx [a ef a kl ] = M ah ef M cd kl ( Vek r, fl - VelVfk ) 



M ab ef M cdef 



2M, 



^ab f ( M 1 ) e /' VkcVM = 25 k 8 l b r) kc r)id = 2i] ac r] bd 



a b 
kl 



M„, ef M cdfe = 2M ab ef M cdef = 2 A I ' [M 



ah 



ef 



> efcd 



(13) 



III. CORRESPONDING GENERALIZATION OF GAUGE TRANSFORMATIONS 



In the last section has been introduced a generalized algebra for the generators of a SU(N) group and the SO (3, 1) 
group leading to an intersection between these two groups. In this section the corresponding gauge theory based 
on the combined gauge group belonging to this generalized algebra is considered. Since local gauge invariance is 
postulated with respect to a fermionic matter field ip, which dynamics is described by the Dirac equation, the 
SO(3, 1) group has to be represented in the Dirac spinor space implying that the usual generators a ab take the 
following shape: a ab = — f [7a,7f>]- This implies for the generalized generators E a h related to the usual ones by 
([3|) S a b = —jM ab cd [icld]- The matter field ip has to be assumed to have another internal degree of freedom 
a SU(N) group refers to and accordingly the corresponding Dirac equation is invariant under global Yang-Mills 
gauge transformations containing the generalized generators, Uym = exp (ia A T A } , as well as global Lorentz gauge 
transformations containing the generalized generators, Ul = exp (i(p ab Y> ab ) . Accordingly it is also invariant under a 
combined gauge transformation, which has to symmetrized because of the noncommutativity of the operators having 
its origin in the presupposed noncommutativity of the generators of the two gauge groups, [T A , £ ao ] ^ 0, 
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U Y m Ul + U L U Y m exp (ia A T A ) exp (^ ab E a6 ) + exp (^ ab £ a6 ) exp (ia A T A 
U G = 



2 2 
_ exp (ia A T A + iy? ab £ ab - ±a A <p ab A A + ...) + exp (iy7 afc E afc + za A T A + %a A <p ab A A b + ...) 
~~ 2 

= l + ia A T A + i^ ab Z ab + 0(a 2 ,<p 2 ) , (14) 
where has to be used the Baker-Campbell-Hausdorff formula, which reads as following: 

cxp(X) exp(F) - exp(X + Y + ±[X, Y] + ±[X, [X, Y]] - -^{Y, [X,Y]] + ...). (15) 



Except that the generators fulfil the more general algebra, the infinitesimal element of the transformation operator (|14[) 
corresponds to the usual transformation operator, because to the first order in a and ip the additional expressions of 
the two terms with different order of the separated transformation operators cancel out. Since ijj — ip^j is the adjoint 
spinor to ip in the Dirac spinor space, 7°Wj < 7 is the adjoint operator to Ul, at least in the infinitesimal case considered 
throughout this paper, in which it is unitary meaning that 7°Z47°Z4 = 1 and according ly j°U g j°U g = 1, which 

means Uq 1 — 7°£Y G 7°. To maintain local gauge invariance with respect to the combined gauge group correspopnding 
to the transformation operator (| 14[) , one has to consider the following Lagrangian of a fermionic matter field: 

Cm = ei> (ij m V m - m) ip, (16) 

where has been defined e = det [e™] and the covariant derivative T> m corresponds to the usual covariant derivative 
with respect to an internal SU(N) symmetry and the external 5*0(3, 1) symmetry with the usual generators obeying 
([2]) replaced by the generalized generators obeying ([T]), 

T>m = < W + + |< S ^) = + iA A x AB T B + ~<M °frcd) . (17) 

The coefficients of the spin connection w^ b are related to the tetrad field according to 

wf = 2e va d^e b v - 2e ub d IM e a v - 2e va B v e\ + 2e" b d v e^ + e^ a e ab d a el - e^e^d^. (18) 

Accordingly the Lagrangian (116[) is invariant under the following local symmetry transformation containing the trans- 
formation operator defined in (|14j) with a space-time dependent gauge parameter: 

iP^U G iP, V m ^^U G V nl °U Gl °, eM— >^ef|, 7 ™ — > ^ G7 " 7 47 , (19) 

where denotes a non infinitesimal Lorentz transformation matrix describing the transformation of Lorentz indices: 
Am l x n . This means that the gauge fields transform as 



Aft — > U G A^°U Gl a - fU G fd^a U G , u„ — > U G w^U G ^ - ^U G ^d^ U G , e? n — > cf>^, (20) 

if infinitesimal transformations are considered. The transformation rules (|19j) imply that the matter field and the 
gauge potentials appearing in the covariant derivative (|17l) have to transform according to 

ip — > (l + ia + itp)ip + (D (a 2 ,ip 2 ) , 

— > An — d^a + i[a, A^] + i[ip, A^] + O (a 2 , ip 2 ^j , 
w M — > - d^ip + i[(p,co^] + i[a, w^] + O (a 2 ,ip 2 ) , 

e£ — ► < + ^ + O (^ 2 ) , (21) 

with a = a A T A and ip — ip a S a &. The invariance of the Dirac Lagrangian (|16[) containing the generalized covariant 
derivative (fl~7|) under local gauge transformations of the shape (fT9|) can in analogy to the usual case be seen as follows: 

ei> _ m ) ^ — >• efrfl&'f (iKUGl n 1°U G 1° <P£UgV p i°U g j - m) W G ^» = eij> (z 7 M ^ - m) V, (22) 

since 7°W G 7°W G = Z^ifc = 1 and 0™ 0^ = 
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IV. GENERALIZED DYNAMICS INCORPORATING THE INTERSECTION FIELD STRENGTH 



In the last section has been shown that the dynamics of fermionic matter helds is not modified under incorporation 
of the generalized combined gauge group, although the gauge transformation conditions have to be extended. But 
this holds not for the dynamics of the gauge fields themselves. The reason is that the algebraic properties of the 
covariant derivative are changed and this leads to an additional term of the field strength tensor, from which the 
action of any gauge field is built usually. This means that a generalized Lagrangian describing generalized dynamics 
of the Yang-Mills field and the gravitational field has to be constructed by incorporating the additional term induced 
by the generalized covariant derivative (|T7|) . Therefore the generalized field strength tensor has to be calculated first, 
which is defined as usual as the commutator of the covariant derivatives and accordingly reads as follows: 



•F urn — i> \Dm i T^n 



ie 1 * e v T p V 4- p v ^-B ab Y, i + p^ 1 p v C4 A T A - p M p v H Aab \ A , 



where the following expressions for the several field strength sectors have been defined: 



rpp 
{11/ 


= 






r>ab 


= d^l b - 


- + 


ac cb ac cb 




= d»A A - 




f ABC aB aC 
J A p, A v 1 


TjAab 


= 







From the noncommutativity of the generators of the Yang-Mills gauge group with the generators of the Lorentz group 
the new field strength tensor H A ® b arises besides the torsion T^, which is assumed to vanish, TR V — 0, the Riemann 
tensor R ab and the Yang-Mills field strength tensor G A . Because of the transformation property of the covariant 
derivative (fT9|) the field strength transforms analogously as follows: 



u G v ml °u Gl ° , u G v n ^w Gl 



07yt„,0 



iU G [V m , V n ] 7°^7° = U G T mn i y U G i ] '. (25) 



07yt„,o 



The transformation rule (|25|) of course implies that all parts of the field strength tensor including the additional term 
e^ n e'^H A ^ b 'A A b transform completely analogously to each other, which means 



<.<T^D„ — > p^Ug (T^V p ) 7°47°, 
e^Rf u E ab — > p^JA G (±R$2ab) j°U g1 ° 



2 

e^ n G A v T A — > ete" n U G {G A V T A ) 7 °U g1 , 
e^ n H A fA A — > e^ n U G {H A fk A b )^U Gl °. (26) 



To construct a Lagrangian containing the intersection field strength, the quantity H. A y b incorporating the noncom- 
mutativity parameter of the generalized algebra for the generators |T]) is introduced, which is defined according to 



zjAab a A zjAabj^ABcd^B „ njBcd^B „ ( <^n\ 

H H» A ab = H ^i> L ab T °cd=Tt ilv T O cd- (27) 

The generalized action for the gauge fields S G based on the several sectors of the field strength tensor ([24]) . which 
is postulated in this paper, consists of the usual Einstein-Hilbert action, the usual action for a Yang-Mills field on 
curved space-time and an intersection action containing the new sector of the field strength tensor defined in (|24[) 
and l|2"7|) respectively: S G — Seh + &YM + Sinti where Seh denotes the Einstein-Hilbert action, Sym denotes the 
Yang-Mills action and Sj nt denotes the intersection action. The intersection action is assumed to be quadratic and 
formulated in analogy to the Yang-Mills action and thus the complete action for the gauge fields reads 
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Sg = J d'x e f-J_ e /f e *i$ + eftf* <? h G%G% + \e» a e a e» h elH A ?H A ac ^ . (28) 

The gauge coupling constant of Yang-Mills theory is assumed to be equal to one in this paper in contrast to the 
gravitational constant G. To justify the action for the gauge fields (|28p. it has to be shown that this postulated 
action including the intersection term is gauge invariant with respect to the gauge transformations (|26[) . Since the 
generators have extended properties, gauge invariance has not only to be shown with respect to the intersection 
Lagrangian, but also with respect to the Yang-Mills Lagrangian and the Einstein-Hilbert Lagrangian. To perform the 
gauge transformations, the several terms belonging to the action have to be rewritten by incorporating the generators 
and building the traces. Thus the trace properties of the products of two of the generators considered in ([TT1) . (TT2"j) 
and (|13|) become important here. At the beginning is considered gauge invariance of the Einstein-Hilbert term. The 
following calculation shows that the Einstein-Hilbert term remains the same after a gauge transformation: 



«K> = ^ C ^ d R a JlVacVM = -tr [e^e» d V cd Rf^ ab \ 



2 tr 



U G (e» c e vd V cd ) -fUyflta (K*Pab) 7°47° 



**t? d R* tr [(1 + ia A T A + up ef ^ e} ) S a6 S crf (l - ia A T A - up ef ^ e f)] + O 



>» c e» d Rf u tr [S ab E cd + ia A (T A £ afc £ crf - £ a6 £ cd T A ) + (E e/ S ab E cd - S ab S cd E e/ )] 



»c e vd R ab tr ^, ab E od + i a A (T A S afc I] crf - E a6 S cd r A ) + i(p ef (ir] ea Y,f b - ir] fa j: eb - ir) eb Y,f a + ir) fb Y< ea ) Y> cd 

-iip ef Y, ab {i-q ce Yj d f - irj de ^ cf - iij c f^de + ir/df^ce)] 

= X -^ c e vd R% tr [E a6 E cd + ia A (T A £ afc £ cd - £ a6 £ cd T A ) + i<p*t (2z7 ?ea S /fc - 2ni eb ^ fa ) E cd 

~iip ef Y, ab (2ir] ce T, df - 2ir) de Y, cf )] 
= e^ c e vd Rf u [riacVbd + ia A (T A i] ac r) bd - r] ac i] bd T A ) + i(p ef (2ir] ea r]f c i] bd - 2ir\ eb r\j c r\ ad ) 
-iip ef (2ir) ce r] ad r) b f - 2ii] de r/ ac 7] bf )] 

= e^ C e ud R a Jl [llacVbd ~ ^VeaVfcVbd + ^VceVadVbf] 
= e^ C e vd Rf v [llacVbd ~ ^acVbd ~ tybcVad] 

= e» c e vd Rf v [rj ac ri bd + A Vbc ri ad - ^ bc j] ad \ 



p var>ao _ p^pVnab 

e tt^vVacVbd — e a e b a fii< 



(29) 



where have been used (fTj), (|13p and (|26[) . Only in the line where the series expansion is introduced the Landau symbol 
appears explicitly. The gauge invariance of the Yang-Mills action on curved space-time is shown in an analogous way, 



-e^e^e" a e%G A v G A a = ±tr [e^e^G^G^T 8 ] 



rtr 



e^e» a elU G (G A V T A ) 7 U g1 °U g (G%T B ) 7 °4 7 ° 



— -P^a-pVb p crrtA (~<B , 

— 2 e a e b Lr fj.u Lr pa 11 



U G {T A T B ) 7 °4 7 ° 



= \e» a e» b e a elG A v G% tr [(l + ia c T c + i V cd V cd ) (T A T B ) (l - ia c T c - i^ cd )} + O (a 2 , <p 2 ) 



\e^ a e vh e. a elG A v G B „ tr [T A T B + ia c (T C T A T B - T A T B T C ) + i<p cd (T, cd T A T B - T A T B Y< cd )} 



= \^ a e ub e p a e%G A u G B a tr [T A T B + ia c (if^ T D T B - ifBCDj^A^ + ^cd (Y lcd T A T B - T A T B ^ cd )} 



e» a e vb e a e° b G A G B [S 



AB 



,.C 



4 

\e^e^e^ b G A v G B pa [S AB + ioF (if CAB if B 
\e^e vh eP a elG%G B a 8 AB = le^e" b e^G±G A r 



( rCADf-DB ■ rBCD tAD\ . • cd /V X AB ciB v \1 
(if 6 -if 6 ) +lip (l^cdO —0 L c dJJ 



(30) 
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where have been used ((Tj). (|12l) and (|26|) . The decisive term is of course the intersection term, which is considered 
now with respect to gauge invariance. Within the corresponding calculation it is useful to express the generalized 
generators by the usual generators by using ([3]). The gauge invariance can be shown as follows: 

\e^ePe^e^fU% ab = \e^e^ e^fnjf + VacVbd - Wc) = ~tr [e^e^e^ f H A ^ b T A a ab H^ d r B a cd \ 



4 tr 



e^fe^Ua {U A « b T A a ab ) U G U G (Hf° d T B a cd ) U G ] = -.e» e e v Ul^U A « h U B f tr \u G (T A a ab T B a cd ) U\ 



= -e^e ui e p e e° f U A « b U B ftT [(l + ia c T c + i<p ef Z ef ) {r A o ab T B a cd ) (l - ia c T c - itp e f E e/ )] + O (a 2 , <p 2 ) 
= \e^e»feP e e° f U A Z b U B f tr [(l + ia c X CD T D + i<p°J 'M e / h a gh ) (r A a ab r B a cd ) (l - ia c X CD r D - i^Mj h o gh 
= ^e^e^ f n A fnf a cd tr [r A a ab T B a cd + 10F X CD {r D r A a ab r B a cd - r A a ab r B a cd r D ) 

+iip ef M e]: 9h (a gh T A (j ab T B (j cd - T A a ab T B a cd a gh ) 
= ^e»fele° f U A Z b U B f tr [r A a ab r B a cd + ia c X CD a ab a cd (r d r A r B - r A r B r D ) 

+iip ef M ef 9h T A T B (cr gh a ab cr cd - o ab <j cd o gh ) 

= \e^ e »f e P e °U A Z b U B f tr [r A a ab r B a cd + ia c X CD a ab a cd (if DAE r E r B - if BDE r A r E ) 

+iip ef M ef gh T A T B {ir) ga (T hb - ii] ha a gb - irj gb cr ha + irj hb a ga ) a cd 
-i(p ef M ef 9h T A T B a ab (ir) cg a dh - ir) dg a ch - ii] ch cr dg + ir) dh a cg ) 

= \e^e»feie° f U A Z b U B f tr [r A a ab r B a cd + ia c X CD a ab a cd {if DAE r E r B if BDE r A r E ) 

+iip ef M ef 9h T A T B (2ii] ga <j hb - 2irj gb a ha ) a cd - i(f ef M ef gh T A T B a ab (2ir) cg o dh - 2ir) dg o ch ) 
= \e^e v U^U A tU B ? [S AB (- VabVcd + VacVbd ~ VadVbc ) 

, • C CD i . \ ( ■ rDAE xEB ■ f BDE X AE\ 

+ia X (-rjabricd + r/acVbd ~ TladVbc) (if 5 -if 5 ) 

+iip ef M ef 9h 5 AB (2ir\ ga (-rj hb ri cd + rj hc r] bd - r] hd f] bc ) - 2irj fb (-r) ha r) cd + i] hc ri ad - T] hd i] ac )) 
-iLp ef M ef gh 8 AB (2ir\ cg (-r) ab r) dh + rj ad ri bh - ri ah i] bd ) - 2ir) di {-rj ab r] ch + r\ ac r\ bh - rjahVbc)) 

= \e^e^ f H A fn B p f [25 AB r, M + 2ia c X CD r, acVbd (if DAE S EB - if BDE 5 AE ) 

+iip e f M e j 9h 5 AB (^garihcVbd - 4:ir]gbV> icVad ) 

-i(f ef M ef gk S AB (^irj cg f]adVbh ^dgVacVbh) 

= l e ^fe^ f H A : b H B ^ [2<5^„ + 2ia c X CD r lac r }bd (if DAB lf BDA ) 

-8ip ef M e / h 5 AB r] ga r] hc r] bd + 8^ ej ' M e gh l S AE ' r) cg r) ad r) bh 
= eP e e a f U^ h H B ^ [26 AB VacVbd - 8<p ef M efac S AB Vbd + 8ip ef M efcb S AB r, ad ] 

= \^e v Ule° s U A * b U B f [2S AB i lacVbd - top** M efac S AB i lbd - 8^ M efbc 5 AB Vad ] 
= \^ e e v Ule° s U A : b U B f [2b AB ^ bc + 8<p ef M efac S AB Vbd - 8^M e/ac( 5 AB 77 M ] 



— -p^pVf pPpa-uAabqiBcdtAB 

— e e e eftL^ n pa o rj ac r] bc 

— _p^ e P p '/ pP P ° 14 Aabni A 
^ c c- e c / ' '■fiv ' L pcra,b' 



(31) 
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where have been used (|6|). (|lll) and (f26|) as well as the property "H^" fc f?a6 = 0, which is valid since H A ^ b is antisymmetric 
with respect to the Lorentz indices, H A „ b = —H Aba - In ([31]) the trace refers independently to the generators of the 
SU(N) group as well as to the generators of the 5*0(3, 1) group, whereas in (f3U| it refers only to the generators of 
the SU(N) group and in (|29| it refers only to the generators of the SO(3, 1) group. Thus it has been shown that the 
generalized combined action for Yang-Mills theory and general relativity considered according to ([28]) is indeed gauge 
invariant under the generalized gauge group based on the algebra ([T]) and mediated by the transformation operator 
(fl4t and can thus be postulated as action of the intersection gauge theory. 



V. GENERALIZED ENERGY MOMENTUM TENSOR AND CORRESPONDING EINSTEIN FIELD 

EQUATION 

To obtain the generalized Einstein field equation, the complete action incorporating the fermionic matter action Sm 
corresponding to the Lagrangian (IT6"f as well as the generalized action of the gauge fields Sq , S = Sm + So , has to be 
varied with respect to the tetrad field . Since the action of the gravitational field itself without any interaction with 
the Yang-Mills field is not changed, the left hand side of the Einstein field equation remains also unmodified. Because 
of the additional term containing the intersection field strength H A £ b the energy momentum tensor with respect to 
the Yang-Mills field is however changed decisively. This means that the general definition of the energy momentum 
tensor with respect to the complete action containing matter fields has to to be considered, 



rj-a _ _ 1 j (^m + Sym + Sint) , . 



Since the action of the fermionic matter field Sm as well as the action of the Yang-Mills field Sym ar e equivalent 
to the corresponding usual actions formulated on curved space-time respectively, their energy momentum tensors are 
not written explicitly here and accordingly it is made the following definition: 



„_ 1 SS M ~ a _ 1 5S Y M 
' M »- eiiT ' YM »- e^T- 



The decisive term within the energy momentum tensor (|32p is of course the term induced by the intersection action 
Si 7l t i which is built from the new sector of the field strength. It is obtained by varying this action, 

SS Int = \Jd 4 xS (ee^e" a e» b eZU^ d U% cd ) . (34) 
Variation of the expression for the Lagrangian within the integral yields the following expression: 



8 (ee» a e^ b e° b H^ d Hf acd ) 



8ee^e^ b ein^ d n%^ 
-eetSe x c e^e^ b etH^ d Hf acd + Ae5e» a e? a e» b e° b U Ac v d U; 
+2ee^e^ b el (AfSutf - A?8tf) Y BAcd U% cd 



-pp c Sp X pV a P P ' P vh ' P ° "i-l A T-I A 

ee x oe c e e a e e b n pv n pacd 



-ee 



flis 



+■ Aee^ a e" b eZA B Y BAcd nf acd 5^J 
+ 4Tf A ^E AB x ^(A,e)Se^ g 



-p P 9 pP- a pPp vh pZV Acd V A 



Aeb^e^ b elU A l d U A + AT BAcd Z ABef ° (A, e 



Set 



(35) 



where has been used the variation rule of the determinant of the tetrad field, Se = — ee°<5e^, Q27p and accordingly 



m A f = 6H B v cd T BAab = (A B 5ul d - A B 5uf) T BAab , (36) 
and a relation, which is derived in the following calculation: 
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d A x fdu 



,ab 



= Jd 4 x f {28e va d, i e b v + 2e va dp8e b v - 28e vb dpe a v - 2e v %5e a „ 



-28e va d v e b u - 2e ua dje b + 28e vb d u e" + 2e vb d v 8e«, 

t 1 H- f* 

+5e pc e va e° b d a e c u + e pc 6e» a e° b d a e u + e, ic e va 8e° b d a e c v + e, ic e va e° b d a 8e c v 
-8e pc e va e ab d v e c a - ep C 5e va e ab d v e% - e^e va 8e° b d v e% - e^e va e° h d v 8e%) 

d 4 x [2fd;8 a %el - 28 vp 8 b % (fe va ) - 2fS;8 b %e a v + 28 vp 8 a % (fe vb ) 

-2!8» p 8 ad d v e\ + 28 w S bd d v [fe va ) + 2f8;S bd d v e a M - 28 iip 8 ad d v (fe^) 
+fS w 5y a e° b d a e c l/ + fe^ c 5;6 ad e° b d„el + fe^ a 6;S bd d a e c „ - 8 vp 8 cd d„ (fe pc e va e° b ) 
-jbpp8 d e va e° b d v e c a - fep ic 8 u p 8 ad e crb d v e% - fe pc e" a 8 a p 8 bd d v e c a + 8 Gp 8 cd d v (/e )1 /'e ri )] fog, (37) 

where / denotes an arbitrary function and which becomes manifest with respect to (|35[) in the following special form: 



d'x ee^ey b elH% cd A B ^J 



J d 4 x [2ee^e vb elU% ci A B p 8l8 ei d v ef g - 28 gX 8^d v {ee» a e a e» b e° b Hf acd A B e 
-2ee^ey b elU% cd A B 5{5f*d v e g + 28 gX 8 e % {ee^e^nf^e 



B e3e) 

B„gf\ 



c b rL pacd^ l p u X u v g ZjU gA u <-> v yc.c c a c ^b "■ pacd^p ^ 

-2ee^ey b el%^ cd A B 8{5-d g el + 28^% (ee^e^Hf^Afe 
+2ee> ia e p a e vb elUf rTcd A Bi ' " ~ ' ' ' ,? 
-tee e a e e h n pcrcd si p 

B p I .p9 e JS a Xf i f) p h — A , A^'fl (pp^a-pPpVb onjA aB 

■ -a- -u ■ -poc.u,--p e vh,e o x o o a e g o g \o o a \ee e a e e b n pacd A^ 

— ppV-a-pPpVb oniA aBc H ge a f a h _ pa p vb onj A aB 

ee e a e e b rt pacd A^ o vX o h e e u g e a ee e a e e b rL pacd si^ 

ppPO. p vb pOnjA aB 

ee e a e e b ri prTcd si^ 



+ee^ey b ein^ cd A B e vh e^5l8f l d rJ e h g - S gX S M d a {ee^ey b elU% cd A B e vh e^e^) 
-ee^ey b elUj acd A B 8 vX 8ie^d g e h a -ee^ey^ 

-ee^ey b e^Hf a ^A B e vh e^8^%e h a + 8 aX 8 h % {ee^e a e» b elU% cd A B e vh e 9 °e°f)} Se 
ee Jd 4 x~? Bef *(A,e)8el (38 



The last line of (I3"51) represents a definition of the new quantity ^f d ^ 1 {A, e), which depends accordingly on the Yang- 
Mills field and the gravitational field. Inserting (|3"3")) and (|3"4")l with (j3"5|) into the definition of the generalized energy 
momentum tensor (|32[) yields the following expression for the generalized energy momentum tensor corresponding to 
the generalization of the action of the Yang-Mills field and the gravitational field according to (|28|) as invariant action 
under gauge transformations induced by the generalized algebra ([1]): 



n 



T 9 + T 9 

' M A ' 'YM A 



M A 



1 8{ee^eP a e- b elH^ d U% cd ) 



YM A 



«±T 9 



4c 
1 

4e" 
1 



^ 9 y a e" a e vb elUl cd U A pacd + 4eS^e^ b e a b n^ d Hf acd + 4T? f Acd E ABef9 (A, e) 



'YM A 



1 p^a p vb anjAcd-ijA 
y e e a e e b n. M „ n pacd 



x^xag p vb anjAcdojA 

°\° e a e e b n pv n pacd 



^BAcd—ABefg 
ef ^cd\ 



(A,e) 



(39) 



The generalized Einstein field equation, = -\ 5 ( S >> I+S ™ +S ^) = J£ t can now be written explicitly. As 

already mentioned, the left hand side of the corresponding generalized Einstein field equation is not modified, since 
the Einstein-Hilbert action as action of the free gravitational field according to (|28l) remains unchanged implying 
— I Re a = 87rG7^ a . Therefore the generalized Einstein field equation is obtained by inserting the generalized 
energy momentum tensor containing the intersection term Q39p to the usual form of the Einstein field equation 
leading to 



2 



= 8irG 



T 9 4- T 5 

1 M A ' 'YM A 



4 6 



3 )ia p vb p c"ijA njAcd _ XV sag p vb anj 

e a e e b n^ cd n pcr o^o e n e e h n 



AcdnjA 
pv t^pacd 



-r 



BAcd—ABefg 
ef "cdA 



(A,e) 



(40) 
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where denotes the Ricci tensor, which is defined as — e^i?^, and R denotes the Ricci scalar, which is defined 
as R — e^e^R^. The generalized field equation of the Yang-Mills field is obtained by varying the generalized action 
(|28| with respect to the Yang-Mills field and thus reads as follows: 



S (Sym + $M + Sl n t 




■ABC f ADE aB aC aD 



5A§ 



= ee 



(41) 



This interaction structure of the Yang-Mills field with the gravitational field is much more complicated compared with 
the usual case and accordingly represents a violation of the equivalence principle. 



It has been considered an intersection of Yang-Mills theory with the gauge description of general relativity. This 
intersection has its origin in a generalized algebra, where the generators of the internal SU (N) group and the generators 
of the external 5*0(3, 1) group fulfil nontrivial commutation relations. The commutator is assumed to be equal to 
an element in the tensor space of the space of the usual generators of the SU(N) group and the space of the usual 
generators of the 5*0(3, 1) group, SU(N) ® 50(3, 1). This generalized algebra can be realized by building quantities, 
which are linear combinations of the usual SU(N) generators and the usual 50(3, 1) generators respectively under 
the assumption that the coefficients of the SU(N) generators do not commute with the coefficients of the 50(3, 1) 
generators. Under special conditions on the coefficients the generalized quantities fulfil the same algebraic properties 
as the usual generators except that they obey the additional commutation relations. If local gauge invariance of a 
matter field equation is postulated with respect to the gauge group corresponding to this generalized algebra, this 
leads to a generalization of the combination of Yang-Mills gauge theory and the 50(3, 1) gauge description of general 
relativity. Within this generalization all quantities are influenced by the complete gauge group, since in contrast to 
the usual case the two gauge groups are not independent of each other anymore. This implies extended transformation 
rules for the gauge fields. The dynamics of fermionic matter is not influenced by the generalization of the algebra, 
since the usual local gauge invariant Dirac Lagrangian remains invariant, if there are considered the generalized gauge 
transformations. But if the corresponding field strength tensor is built from the covariant derivative containing the 
generalized generators, an additional sector appears, which consists of the connection of the Yang-Mills field as well 
as the connection of general relativity. From this intersection field strength a new sector of the action has been 
constructed in analogy to the Yang-Mills action, which is therefore quadratic in the new field strength. It has been 
shown that not only this new action but also the usual Einstein-Hilbert action as well as the usual Yang-Mills action 
in curved space-time are still invariant under the generalized gauge transformations. After this, the energy momentum 
tensor under incorporation of the new dynamical term has been calculated to obtain the corresponding generalized 
inhomogeneous Einstein field equation. The field equation of the Yang-Mills field are of course also modified decisively 
and this leads to a violation of the equivalence principle. 

Since the presented theory establishes a relation between the internal SU(N) symmetry referring to a quantum 
number and the external 50(3, 1) symmetry, it should be considered as a possible approximation to a more general 
theory, where the gravitational interaction of general relativity and the interactions of the standard model of particle 
physics are incorporated to a description with respect to one unified symmetry principle. According to this interpre- 
tation the intersection term would be a consequence of this more general description of nature as a generalization of 
the usual description according to the known gauge theories at low energies. The corresponding generalized algebra 
represents as supersymmetry a way to relate internal and external symmetries by an algebra extending the special 
properties of a Lie algebra. The generalization of the interaction of the gravitational field with Yang-Mills fields 
according to the intersection of Yang-Mills theory with the gauge description of general relativity could give an alter- 
native explanation or at least a partial explanation to astrophysical and cosmological phenomena, which are usually 
interpreted as consequences of the existence of dark matter. This seems to be quite plausible, since the modification of 
the gravitational interaction just concerns the interaction of gravity with gauge bosons and not with fermionic matter 
and the interaction of the gauge bosons of the standard model with gravity is not explored very well empirically. Of 
course, the generalization can also be applied to the simplest case of electromagnetism with U(l) gauge group. In 
this case the interaction of gravity with electromagnetic radiation would be modified. This could become interesting 
in particular with respect to cosmology. Accordingly under certain conditions the presented theory could even yield 
a possible explanation for the acceleration of the expansion rate of the universe. 



VI. SUMMARY AND DISCUSSION 
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